Based upon the theory of permutation symmetry and rotation transformation, a powerful method is established to analyse the wavefunctions of identical particles . Applying this method to the two dimensional systems of a few interacting electrons confined by parabolic potential, a simple explanation for the origin of magic numbers is presented.
The existence of magic number of total orbital angular momentum of few electrons confined by two-dimensional(2D) parabolic potential has been wellknown for a long time 1 . Many efforts [2] [3] [4] have been devoted to explain the origin of the magic number, but no explanation was found to be satisfactory. Maksym had established a Eckardt frame theory 3 to treat the quantum states of interacting electrons in parabolic quantum dots in the presence of a perpendicular magnetic field, which is useful but still too complicated. In alternative way, Ruan et al 4 had correctly emphasized the dependence of magic numbers on the permutation symmetry, and they can even obtain the correct magic numbers although their derivations are false . The premises in their works, such as 'If the electrons form an equilateral triangle, a cyclic permutation is equivalant to a rotation by 2π/3', are obviously not true for the quantum states of identical particles . However it is believed by all authors that there must be a simple explanation for this interesting phenomenon, and that the magic numbers must depend on the permutation symmetry. In the present paper, we will give this elusive problem a solution as simple as expected.
1.-We consider a 2D (in x-y plane) system of N electrons with repulsive interaction confined by a parabolic potential V con (r i ) = mω 2 0 r 2 i /2, and subject to a perpendicular magnetic field B (symmetric gauge). The Hamiltonian
has three conservation dynamic variables, i.e. the z-component L z of total orbital angular momentum the z-component S z of total spin and the total spin itself S 2 . Here g * in the
Zeeman term is the effective g-factor. ω
, and ω c = eB/mc is the cyclotron frequency, r ij = |r i − r j | is the distance between ith electron and jth electron.
is the repulsive interaction potential. For the Coulomb interaction, it reads V rep (r ij ) = e 2 /(4πεε 0 r ij ). The mathematical solutions for the corresponding Schrödinger equation can be constructed as the simultaneous eigenfunctions of H, L z , S z and S 2 , and can be written
With the help of a generalized Virial theorem 5 , we can evaluate the eigenenergy of a quantum state |Ψ E,L,S,Ms > with given L, S and M s of a N-electron
However it should be emphasized that an N-electron system must be totally antisymmetry under the interchange of any pair, which is the reason that a spin-independent Hamiltonian can have spin-dependent eigenenergies. 3.-The spin-polarized states (M s = N/2) is ease to treat.
The antisymmetrized wavefunction is a direct product of coordinate part and spin part
Here A is the wellknown antisymmetrizer.
Then Eq. (3) is simplified as
Where r denotes a position vector in 2N-dimensional coordinate space (r 1 , r 2 , · · · , r N ).
the probability of finding one electron at r 1 , one at r 2 , · · ·, and one at the r N simultaneously in the spin-polarized system. The integral in Eq. (4) (1)-Three electrons systems.
We first evaluate the wavefunction AU E,L (r) at a set of N = 3 equilateral polygonal(EP) points r 3EP = (r 0 , R 2π/3 r 0 , R 4π/3 r 0 ), which means that the three 2D vectors point at the three corners of a equilateral triangle, and the center of the triangle is at the origin of x-y plane. Here r 0 can be any 2D position vector, R θ denotes a rotation operator with angle θ, and R θ U E,L = e −iθL U E,L . It can be seen from Fig.1 
, and so on. Here P i,j denotes an interchange of ith and jth electron. With the help of a identity 1 + P 123 + P 132 − P 23 − P 12 − P 13 = (1 + P 123 + P 2 123 )(1 − P 32 ), the antisymmetrized wavefunction AU E,L (r) = (1 + P 123 + P 132 − P 23 − P 12 − P 13 )U E,L (r) at the given point r 3EP can be evaluated as
Note that the minumum values of the effective potential occur at a subset of this points set, combining Eq.(4) and Eq.(5) will lead that the lowest energy of states with L = 3k, and k = 0, 1, 2, · · ·, may be much smaller than those of states with L = 3k−2, 3k−1, 3k+1, 3k+2. This is consistent with the magic numbers of spin-polarized states of three electrons systems found in the numerical calculations [1] [2] [3] [4] . It may be worthwhile pointing out that a cyclic permutation acting on a wavefunction can never be considered as a rotation even if three electrons were fixed at the corners of an equilateral triangle, see Fig.1 . When taking into account the cases of more particles , one can understand this conclusion more clearly.
(2)-Four electrons systems.
We can evaluate the antisymmetrized wavefunctions at two sets of points. The first set is N = 4 EP points r 4EP = (r 0 , R π/2 r 0 , R π r 0 , R 3π/2 r 0 ) and the second one is N = 4 centered equilateral polygonal(CEP) points r 4CEP = (r 0 , R 2π/3 r 0 , R 4π/3 r 0 , 0), which means that the first three 2D vectors point at the three corners of a equilateral triangle, and the 4th one is at the center of the triangle. The center of the triangle is at the origin of x-y plane.
and
Because the points of minumum effective potential belong to the 4EP points, and the minumum values of effective potential at the second set of points is rather greater, the magic numbers will be L = 2(2k + 1), and k = 0, 1, 2, · · ·. of three electrons system has mixed symmetry.
One kind of the total antisymmetrized wavefunctions 5 can be written as
), and ϕ a (r 1 , r 2 , r 3 ) =
(1−2P 132 + P 123 + P 23 − 2P 13 + P 12 )U E,L (r 1 , r 2 , r 3 ). For this mixed symmetry case, Eq.(3) becomes
And the probability function at special points r 3EP will be
In contrast to the case of spin-polarized states, now L = 3k (k = 0, 1, 2, · · ·) are the magic numbers. To carry out the analysis on the wavefunctions with mixed symmetry for the case of more particles, the techanique of Young tableau should be used 7 .
Now we have described a simple picture for the origin of magic numbers of few-electron systems. To be accordant with the previous works 1 , we have taken V con and V rep as parabolic confining potential and Coulomb interaction, respectively. However this is not necessary for The vectors in each row is invariant under P 123 . P 123 acting upon the vectors in first row equals to a rotation by −2π/3; and P 123 acting on the vectors in second row equals to a rotation by 2π/3. So it is obvious that a cyclic permutation can never be considered as a rotation even if three electrons are fixed at the corners of an equilateral triangle. 
